A fourth degree integration formula is given for the n-dimensional simplex 2 for n = 3, 4, 5, 6, 7, 8, 10, 11, 12. The formula contains (n + 3n + 4)/2 points.
The purpose of this note is to give a fourth degree formula (1) for n = 3, 4, 5, 6, 7, 8, 10, 11, 12 which contains N = (n + \)(n + 2)/2 + 1 points. For an arbitrary «-dimensional region Rn it is known that a fourth degree formula must contain at least (n + IX" + 2)/2 points (see [4, p. 118] ). For Tn, n > 3, we believe that no fourth degree formula exists with (n + 1)(« + 2)/2 points; if this is true, the formulas given below contain the minimal number of points for fourth degree.
2. Construction of the Formulas. The formulas to be described are invariant under all affine transformations of Tn onto itself. We use the notation of [4, p. 307] to describe the points in these formulas. The notation (2) (uvu2, . . . ,un;un + l) denotes the set of points consisting of the point (uv u2, . . . , un) and all points which this point maps into under the set of all (n + 1)! affine transformations of Tn onto itself. (It will always be true that ul + u2 + ■ ■ ■ + un + 1 = 1.) The coefficients Ak in formula (1) which correspond to the points in a set (2) will all have the same value. We seek formulas with points and coefficients as follows: (1) consists of the points and coefficients (3), (4), (5), and if this formula is exact for the monomials (6) 1, Jfjt xj, Xj, xxx2, then the formula is exact for all polynomials of degree < 4.
Proof. The proof is an application of Theorem 3.14-1 of [4, p. 115] . The fact that the formula is exact for all polynomials of degree < 3 is the same as the proof of Theorem 3.14-2 of [4, p. 116] . To complete the proof we must only yet show that the formula is exact for x\x2, x\x2x3 and XjX2x3x4. Since the formula is known to be exact for x\ and x4, Theorem 3.14-1 shows it is exact for x\x2. Since it is exact for x\x2, x\x2 and x\x\, Theorem 3.14-1 shows it is exact for x\x2x3. Since it is exact for XjX2x3, x\x2x3, xxx\x3 and xlx2x\, Theorem 3.14-1 shows it is exact for XjX2x3x4. This completes the proof.
The equations which must be satisfied if the points and coefficients (3), (4), (5) are to be a formula which is exact for the monomials (6) are the following: -2.
•S " We solve equations (7-1), (7-2), (7-3) for A, B, C in terms of r, s, t, u, v. Substituting these expressions into (7-4) and (7-5) and using the fact that ns + t = \, (n -\)u + 2d = 1,
gives two simultaneous equations (8) gy{n, t, v) = 0, g2(n, t, v) = 0, for t and v. For a given «, if values of t and v can be found to satisfy (8), and if these values are such that the determinant of the linear system for A, B, C (obtained from (7-1), (7-2), (7-3)) is nonzero, then t, v, A, B, C give the desired formula. Table 1 
